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Purpose of dynamical modelling

Determine the mass distribution of a stellar system from the kinematics of
some tracer population(s) under the assumption of dynamical equilibrium.

Methods
0. Virial theorem: 2K + W = 0

kinetic energy potential energy

increase
in

com
plexity

and
cost



Forward modelling approach:

– assume a functional form for the model;

– adopt some plausible model parameters;

– predict the observable kinematics;

– vary the model parameters to maximize
the likelihood of observed values.

virial mass estimators: G M ∝ r σ2

1. Jeans equations

2. Distribution functions

3. Orbit superposition

4. Made-to-measure



3. Schwarzschild’s orbit-superposition method

Introduced by Schwarzschild (1979) as a practical approach
for constructing self-consistent triaxial models with prescribed ρ(x)⇔ Φ(x).

To invert the equation ρ(x) =

∫∫∫
f
(
I [x, v | Φ]

)
d3v,

discretize both the density profile and the distribution function:

ρ(x) =⇒ cells of a spatial grid;

mass of each cell is Mc =

∫∫∫
x∈Vc

ρ(x) d3x ;

f (I) =⇒ collection of orbits with unknown weights:

f (I) =

Norb∑
k=1

wk δ(I − Ik)

integrals of motion

each orbit is a delta-function in the space of integrals of motion

adjustable weight of each orbit [to be determined]



Schwarzschild’s orbit-superposition method: self-consistency

orbits in the model target density

discretized orbit density
(fraction of time tkc that k-th orbit spends in c-th cell)

discretized density
(mass Mc in grid cells)

For each c-th cell we require
∑

k wk tkc = Mc , where wk ≥ 0 is orbit weight



Schwarzschild’s orbit-superposition method: fitting procedure

I Assume some potential Φ(x)
(e.g., from the deprojected luminosity profile plus parametric DM halo or SMBH)

I Construct the orbit library in this potential:
for each k-th orbit, store its contribution to the discretized density profile

tkc , c = 1..Ncell and to the kinematic observables ukn, n = 1..Nobs

I Solve the constrained optimization problem to find orbit weights wk :

minimize χ2 + S ≡
Nobs∑
n=1

(∑Norb

k=1 wk ukn − Un

δUn

)2

+ S
(
{wk}

)
subject to wk ≥ 0, k = 1..Norb,

Norb∑
k=1

wk tkc = Mc , c = 1..Ncell

I Repeat for different choices of potential and find the one that has lowest χ2

regularization term

observational constraints

their uncertainties

density constraints (cell masses)



Schwarzschild’s orbit-superposition method: fitting procedure
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4. Made-to-measure (M2M) N-body models

Introduced by Syer & Tremaine 1996 as a way of constructing “tailored”
N-body models satisfying some observational constraints.

Ingredients:

I N-particle system with time-dependent phase-space coordinates and

weights {xk , vk ,wk}
∣∣Nbody

k=1
moving in a potential Φ(x)

I Observational constraints Un and their uncertainties δUn, n = 1..Nobs

I Model predictions for these observations: Vn =
∑Nbody

k=1 wk Kn(xk , vk)︸ ︷︷ ︸
some predefined kernels

Objective:

I minimize Ω ≡ 1
2

∑Nobs

n=1 ∆2
n + S

(
{wk}

)
,

where ∆n ≡ (Vn − Un)/δUn is the deviation in n-th constraint,

S
(
{wk}

)
is some measure of smoothness (regularization term),

by varying the particle weights wk .



Made-to-measure models

Objective is satisfied when
∂Ω

∂wk
≡

Nobs∑
n=1

∆n Kn(xk , vk)

δUn
+

∂S
∂wk

is 0 for all k

Procedure:

I Evolve the N-body system in time: ẋk = vk , v̇k = −∂Φ

∂x

∣∣∣
x=xk

I Adjust the particle weights: ẇk = −wk

τch

∂Ω

∂wk
(force-of-change)

I To reduce fluctuations, replace ∆n(t) by a time-smoothed

∆̃n(t) ≡ 1

τsm

∫ ∞
0

∆n(t − τ) exp

(
− τ

τsm

)
dτ in the above expression

* remove particles with too small wk , split particles with too large wk

* recompute the potential Φ(x) from particle positions and weights

re
p
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t

u
n
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l

∆
n
≈

0



Made-to-measure vs. Schwarzschild method

Both represent the DF as a large ensemble of δ-functions
with weights as free parameters in the model:

I N-body particles (∼ 105 − 106)

I time-average during evolution

I iteratively adjust weights
(handmade gradient descent
method)

I may adjust the potential during
the fitting procedure

I live N-body system – easy to test
the stability

I more expensive in CPU time

I orbits (∼ 103 − 105)

I compute entire orbits beforehand

I solve a large-scale constrained
optimization problem by black-box
routines

I potential fixed in advance (need to
construct a new orbit library each
time a new potential is chosen)

I need to convert orbit library into
an N-body model first



Applications of dynamical modelling
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Milky Way:

I Nuclear star cluster

I Central region (bar/bulge)

I Disc in the Solar neighbourhood

I Outskirts (halo)

External galaxies:

I Satellites of the Milky Way

I Galactic nuclei and supermassive black holes

I Large samples of galaxies in the local Universe



Nuclear star cluster

[Gallego-Cano+ 2018]

A central compact cluster of stars,
with radius of a few pc and mass of
a few×107 M�, containing the central
supermassive black hole (Sgr A?).
Only visible in the [near-]infrared.



Nuclear star cluster and the central supermassive black hole

Individual stellar orbits around the central SMBH Sgr A*
are traced over & 20 years, with some stars completing
more than orbit. The 2020 Nobel prize was awarded for
the discovery of a supermassive compact object.
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[ESO/VLT: Genzel+ 2010][GRAVITY collaboration 2018]



Nuclear star cluster and the central supermassive black hole

The mass of the black hole measured from stellar or-
bits is 4.3×106 M�. The latest interferometric obser-
vations with the GRAVITY instrument at VLT achieve
. 1% error on M•, firmly detect relativistic effects
(pericentre precession and gravitational redshift), and
begin to constrain the extended mass distribution.
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Nuclear star cluster and the central supermassive black hole
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Nuclear star cluster models
Ingredients: star counts and/or diffuse light profile; individual Vlos and proper
motion measurements, or integrated-light kinematic maps

Methods: Jeans analysis, distribution functions, Schwarzschild models

Outputs: M•, stellar M/L, enclosed mass profile, velocity anisotropy, . . .

A testbed for M• measurement in external galaxies, for which we do not have a
“true answer” from time-resolved stellar orbits!

[Feldmeier+ 2017] [Do+ 2013]



Galactic bar (formerly known as bulge)

Ingredients: star counts, vlos and PM from ground-based infrared surveys (2MASS,

VVV, BRAVA, APOGEE) in selected low-extinction fields; microlensing depth

Methods: Schwarzschild, N-body and M2M models (triaxial, rotating)

Outputs: mass distribution, orbit structure, pattern speed

−1

0

1

z[
kp

c]

A

−1

0

1

z[
kp

c]

B

−1

0

1

z[
kp

c]

C

−1

0

1

z[
kp

c]

D

−1

0

1

z[
kp

c]

E

−4 −3 −2 −1 0 1 2 3 4

x [kpc]

−1

0

1

z[
kp

c]

F

X-shaped bar created by banana-like orbits

[Wegg+ 2016] [WISE satellite / Ness & Lang 2016] [Portail+ 2015]



Galactic disc
Ingredients: millions of stars with 6d phase-space measurements, but mostly within
1–2 kpc from the Sun; ages and chemical properties: [Fe/H], [α/Fe], . . .

Methods: axisymmetric Jeans analysis, distribution functions

Outputs: circular-velocity curve, vertical structure, local DM density

Challenges: extinction, selection effects, perturbations & disequilibrium

Gaia 6d sample [credit: ESA] SDSS spectroscopic survey [Ivezić+ 2012]



Galactic disc: vertical structure and surface density
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Thin: scale height ∼ 0.3 kpc, metal-rich,
α-weak, young and intermediate age,
velocity dispersion increases with age.

Thick: scale height ∼ 1 kpc, more
metal-poor, α-enhanced, old.



Galactic disc: vertical structure and surface density

One-dimensional vertical hydrostatic equilibrium and mass distribution:

Jeans eqn in z :
1

R

∂(R ρ? vR vz)

∂R︸ ︷︷ ︸
tilt term T

+
∂(ρ? v 2

z )

∂z
+ ρ?

∂Φ

∂z
= 0,

Poisson eqn:
1

R

∂

∂R

(
R
∂Φ

∂R

)
︸ ︷︷ ︸

rotation curve term

+
∂2Φ

∂z2
= 4π G ρ.

Neglecting tilt and rotation curve terms, we have

ρ = − 1

4π G

∂

∂z

(
−∂Φ

∂z

)
= − 1

4π G

∂

∂z

(
1

ρ?

∂(ρ? σ
2
z )

∂z

)
,

or, integrating the Poisson equation over z up to some height h,

Σ(h) ≡
∫ h

−h
dz ρ(z) =

|Kz(h)|
2π G

= −
[

1

2π G ρ?

∂(ρ? σ
2
z )

∂z

]
z=h

(using tracers at z = h).

= 1
R

∂v2
circ

∂R
≈ 0

tracer density

total density

vertical force Kz



Galactic disc: vertical structure and surface density
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Galactic disc: vertical structure and surface density

Alternatively, one may invoke the Jeans theorem and define the 1d DF of tracers:

f (z , vz) = f (Ez), Ez ≡ Φ(z) + 1
2
v 2
z .

Then the tracer density is

ρ?(z) =

∫ ∞
−∞

dvz f (z , vz) = 2

∫ ∞
Φ(z)

dEz
f (Ez)√

2[Ez − Φ(z)]
.

On the other hand, we may construct f (Ez) from the full velocity distribution
f (0, uz) at z=0, i.e., using only the local stellar kinematics.
A star with velocity uz at z = 0 will have a velocity vz ≡

√
u2
z − 2Φ(h) at z = h,

and the integration over velocity can be written as

ρ?(h) = 2

∫ ∞
0

dvz f (z , vz) = 2

∫ ∞
√

2Φ(h)

duz f (0, uz)
uz√

u2
z − 2Φ(h)

.

Although this equation cannot be easily inverted to get Φ(h) explicitly, one can
try various parametric forms of Φ(h) and choose the one that best reproduces the
link between the density profile ρ?(h) and the local velocity distribution f (0, uz)
[Kuijken & Gilmore 1989, 1991; Holmberg & Flynn 2000].



Galactic disc: vertical structure and surface density
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Galactic disc: vertical structure and surface density
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Bovy & Tremaine 2012
Kuijken & Gilmore 1991
Korchagin et al. 2003
Holmberg & Flynn 2004
Bienayme et al. 2014
Bienayme et al. 2006
Zhang et al. 2013

[Piffl+ 2014] [Widmark+ 2021]
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[de Salas & Widmark 2021]

Different components (stars, cold and hot gas, dark mat-
ter) have different vertical distributions, so to break the
degeneracy between them, one needs to measure the ver-
tical force Kz(h) or equivalently the surface density Σ(h)
at several values of h, preferrably above 1 kpc. OTOH for
larger h the 1d approximation becomes increasingly less
accurate. The local density of dark matter (what remains
after subtracting all other components) is ∼ 10% of the to-
tal in-plane density – challenging to determine accurately!



Galactic disc: global structure and the circular-velocity curve
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Eilers et al. 2018 (this work)

Huang et al. 2016

Lopez-Corredoira et al. 2014

Kafle et al. 2012

vc: linear fit

vc: all stellar components + halo

halo: NFW-profile fit

all stellar components

bulge

thin disk

thick disk

DF f (J) [Piffl+ 2014] 2d Jeans [Nitschai+ 2021]

1d Jeans in R [Eilers+ 2019]

More sophisticated Jeans models use the vφ and
σR,φ,z profiles in the 2d meridional plane, while
DF-based models compare the predicted velocity
distributions f (vR), f (vφ), f (vz) with observed his-
tograms in a large range of R, z .



Galactic outskirts and the global Milky Way mass profile
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[Wang+ 2020]
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Watkins et al 2019
Posti & Helmi 2019
Vasiliev 2019
Eadie et al 2019 (Paper V)
Callingham et al 2019
Li et al 2020 (at 125 kpc)
Li et al 2020 (at 225 kpc)
Karukes et al 2020 (at 45.79 kpc)
Karukes et al 2020 (at 193.24 kpc)
Fritz et al 2020 (at 64 kpc) 
Fritz et al 2020 (at 273 kpc) 
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[Slizewski+ 2022]

Ingredients: stars with well-measured distances (RR Lyrae, BHB, red giants, . . . ),
globular clusters and satellite galaxies as test particles; vlos and more recently PM
from Gaia and HST

Methods: spherical Jeans analysis, distribution functions (usually simple power-law
“tracer mass estimators”), stellar streams, cosmological N-body sims, . . .

Outputs: mass profile, shape of DM halo, substructures in stellar halo, . . .

Challenges: substructure, multiple components, disequilibrium



Galactic outskirts and the global Milky Way mass profile
Stellar halo: total mass ∼ 109 M�; double-power-law density profile with a break
radius at ∼ 20− 30 kpc; highly radial velocity anisotropy in metal-rich component
(remnant of an early major accretion event).
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[Belokurov+ 2018]

[Bird+ 2021]

[Li&Binney 2021]

stellar halo density

[Deason+ 2021]



Galactic outskirts and the global Milky Way mass profile
Globular clusters: ∼ 150 objects with full 6d phase-space information, reaching
out to & 100 kpc (though most of them are in the inner part of the Galaxy).
Satellite galaxies: ∼ 30 objects at considerably larger radii (50 − 200 kpc), also
with position/velocity measurements, but not necessarily in equilibrium. . .
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[Correa Magnus & Vasiliev 2022]

satellites [Fritz+ 2020]

satellites [Li+ 2020] globular clusters [Wang+ 2022]



Milky Way satellites
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name distance luminosity

LMC 50 1e9
SMC 64 4e8
Sgr 27 5e7
Fornax 147 2e7
Leo I 250 4e6
Sculptor 86 2e6
Leo II 230 6e5
Sextans 105 5e5
Carina 86 4e5
Draco 76 3e5
Ursa Minor 76 3e5
Antlia 2 130 2e5
. . . ultrafaint galaxies. . .



Milky Way satellites

[Walker+ 2011]

Antlia 2

[Torrealba+ 2018]

Number of stars with measured velocities
or PM: & 107 for LMC, ∼ 2× 105 for Sgr,
few×103 for classical dSph, O(10) for ul-
trafaints.

PM from Gaia DR3 are helpful for cleaning
up the membership selection, but are usable
for modelling (have uncertainties smaller
than velocity dispersion) only for LMC,
SMC and Sgr.

Line-of-sight velocity dispersions ranging
from ∼ 25 km/s for LMC down to 1 − 3
km/s for ultrafaint galaxies (comparable to

measurement uncertainties and affected by bi-

nary stars at the level of a few km/s).

Potential likely dominated by dark matter
even in the central regions.



Mass modelling of dwarf galaxies

Ingredients: density profiles from star counts; vlos of 100s–1000s stars

Methods: Jeans analysis, distribution functions, Schwarzschild models

Outputs: DM density profile, stellar velocity anisotropy

Challenges: breaking the mass–anisotropy degeneracy, e.g., by using higher-order
velocity moments [Merrifield&Kent 1990;  Lokas&Mamon 2003; Richardson & Fairbairn 2013; Read &

Steger 2017] or PM data [Wilkinson+ 2002; Strigari+ 2007; Massari+ 2019]
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Multiple populations in dwarf galaxies
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[Tolstoy+ 2004]

[Zhu+ 2016]

[Walker&Peñarrubia 2011]

Two-population modelling: chemically distinct stel-
lar populations with different kinematics and spatial
distribution, living in the same potential =⇒ probe
the dark matter profile at different sweet-spot radii.



Cusp-to-core transformation in dwarf galaxies
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[Pontzen & Governato 2012]

[Read+ 2016]

Standard cosmological model (ΛCDM) predicts cuspy
density profiles of dark matter haloes (e.g., Navarro–

Frenk–White, ρ ∝ r−1 at small r), but dynamical models
of some dwarf galaxies prefer cored profiles. One pos-
sible way of transforming cusps into cores is via bary-
onic feedback – rapid, non-adiabatic expansion caused
by gas outflows caused by starbursts, followed by slow,
adiabatic accumulation of gas, repeated many times.



Cusp-to-core transformation in dwarf galaxies
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[Hayashi+ 2020]

[Read+ 2019]

In this scenario, we may expect that galaxies
with low stellar mass and short duration of star
formation history (such as Draco) should retain
cusps, while galaxies with more extended star
formation history (such as Fornax) should ac-
quire cores, and this seems to be supported by
observations.



Dynamical modelling in galaxies outside the Local Group

Ingredients: surface brightness profiles, integrated-field spectroscopy
(2d maps of Vlos distribution, and sometimes also stellar age and metallicity maps)

Methods: axisymmetric Jeans models, Schwarzschild and M2M models

Outputs: supermassive black hole mass, stellar M/L, dark halo properties, . . .

Challenges: deprojection degeneracies (usually ignored!), finite spatial resolution,
limited spatial coverage, excessive flexibility in models (!)
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Dynamical modelling in galaxies outside the Local Group
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Usually the total potential is generated by the [deprojected] stellar light distribution
multiplied by the mass-to-light ratio M/L, the central black hole M•, the dark halo, etc.
In Schwarzschild models, a new orbit library is built for each choice of the potential, and
orbit weights are assigned to reproduce the kinematic maps as closely as possible while
retaining dynamical self-consistency. The difference χ2 between the model and the data
is plotted as a function of model parameters, and the quantities of interest (such as M•)
and their uncertainties are determined from ∆χ2 ≡ χ2 − χ2

min ≤ some threshold.



Dynamical modelling in galaxies outside the Local Group
In Jeans models, the procedure is quite similar, but instead of the entire orbit library,
the kinematics properties of the model are predicted for the given choice of potential
parameters and the single anisotropy parameter b or βz (which determines the shape of
the velocity ellipsoid) and compared with the observed maps of the full second moment
of velocity v2 ≡ v2 + σ2 (not the entire set of GH moments!).
Jeans models are much faster than Schwarzschild models and use less data, but are still
believed to produce reliable constraints on the potential.
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[Krajnović+ 2018]



Scaling relations for large galaxy samples
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[Kormendy & Ho 2013]

morphology (ellipticity) vs. kinematics relation

[Cappellari 2016]

Dynamical determination of black hole masses in many galaxies has led to a discovery
of relatively tight relations between M• and other galaxy properties (mass or luminosity,
velocity dispersion, etc.) [Ferrarese & Merritt 2000; Gebhardt+ 2000], which have been further
refined with time (notably, not all galaxy types follow the same relations).
OTOH the dynamical analysis of galaxies at larger scales (& rhalf−light) unveiled a di-
chotomy between fast and slow rotators and its dependence on the morphology and the
total mass [Emsellem+ 2007; Cappellari+ 2007].



Uncertainties and degeneracies in determining the potential

measure want to infer

F(X , Y, Vlos) =⇒
{

f (E , I2, I3)

Φ(x , y , z)

Expect a large range of possible potentials consistent with observed kinematics!

Constraints get tighter when increasing spatial coverage (by excluding unrealistic orbit
distributions) or having imperfect/noisy data
(see discussions in Dejonghe&Merritt 1992; Valluri+ 2004; Magorrian 2006, 2013).
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Summary

I Dynamical modelling is the art of determining the intrinsic structure
and mass distribution of a stellar system from the limited observable
kinematic information.

I Different methods perform better in particular situations (e.g., when
having discrete or integrated-light kinematics, Vlos only or all three
velocity components, etc.), and detailed comparisons of several
methods on identical input data are scarce and inconclusive.

I The dynamical modelling problem is intrinsically degenerate in most
cases, even when using the equilibrium assumption!

I Nevertheless, it remains the primary source of knowledge about unseen
mass in the Universe (dark matter, massive black holes).


