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Chaos in smooth potentials

2d Hamiltonian: motion in the meridional plane of an axisymmetric galaxy (fixed E and Lz)
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Chaos in smooth potentials

Friedrich Hundertwasser – Grass for those who cry



Chaos in smooth potentials
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Frequency maps [Papaphilippou & Laskar 1998; Wachlin & Ferraz-Mello 1998; Merritt & Valluri 1999]

of box orbits in triaxial Dehnen models at the half-mass radius coloured by the
frequency diffusion rate [Laskar 1993]



Chaos in smooth potentials
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Chaos in smooth potentials
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Chaos-driven evolution of galactic shape
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Chaos-driven evolution of black hole feeding



Chaos in stellar streams



Relation between smooth-potential and N-body chaoses

noise (N ≃ 107)
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Simulating the effect of two-body relaxation probabilistically
velocity perturbations (drift & diffusion) [Rosenbluth+ 1957, Spitzer 1970s]:

∆v∥ = ⟨∆v∥⟩∆t + ζ1
√
⟨∆v2

∥ ⟩∆t, ∆v⊥ = ζ2

√
⟨∆v2

⊥⟩∆t , ζ1, ζ2 ∼ N (0, 1)

v⟨∆v∥⟩ = −
(
1 + m

m⋆

)
I1/2, ⟨∆v2

∥ ⟩ =
2
3

(
I0 + I3/2

)
, ⟨∆v2

⊥⟩ = 2
3

(
2I0 + 3I1/2 − I3/2

)
I0 ≡ Γ

∫ 0

E

dE ′ f (E ′), In/2 ≡ Γ

∫ E

Φ(r)

dE ′ f (E ′)

(
E ′ − Φ(r)

E − Φ(r)

)n/2

Γ ≡ 16π2G 2Mtot × (N−1
⋆ ln Λ) adjustable amount of relaxation

Energy diffusion of two ensembles of trajectories in a Plummer potential plus...
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104 moving point masses (10% of total mass) random velocity kicks after each timestep



– relaxation in any geometry [Vasiliev 2015]

Moki Cherry – Raga



Relaxation + chaotic diffusion in triaxial galaxies

▶ Without relaxation, the shape of the system remains stable

▶ Addition of relaxation accelerates diffusion of chaotic orbits and
leads to a gradual loss of triaxiality

▶ Good agreement between Monte Carlo and N-body codes
for the same amount of relaxation

triaxial γ = 1 Dehnen model with M• = 10−2 [Vasiliev 2015; Hamilton & Vasiliev, unpublished]

(N = 105)



Relaxation + chaotic separatrix divergence in stellar streams

tidal stream from a cluster on a non-resonant tube orbit
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Relaxation + chaotic separatrix divergence in stellar streams

tidal stream from a cluster on a resonant “saucer” orbit
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Relaxation + chaotic separatrix divergence in stellar streams

tidal stream from a cluster on a chaotic separatrix orbit
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Relaxation + chaotic separatrix divergence in stellar streams

tidal stream from a cluster on a chaotic separatrix orbit

0 2 4 6 8 10 12
R

6

4

2

0

2

4

6

z

non-resonant orbit
chaotic separatrix
resonant orbit

0 2 4 6 8 10 12
R

300

200

100

0

100

200

300

p
R

with added relaxation corresponding to perturbers of mass 104M⊙



Relaxation + chaotic separatrix divergence in stellar streams

with added relaxation corresponding to perturbers of mass 104M⊙

why so massive? designed to mimic DM subhaloes:

relaxation rate is ∝
∫
ρpertmpert dmpert, so is dominated by heaviest objects

Aquarius simulation [Springel+ 2008]

N(m) ∝ m−1.9



Relaxation + chaotic separatrix divergence in stellar streams

tidal stream from a cluster on a chaotic separatrix orbit

with added relaxation corresponding to perturbers of mass 106M⊙
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messed up too much, real streams do not look so diffuse...



Summary

So, is chaos in smooth potentials relevant for galactic dynamics?

▶ it can lead to interesting effects in galaxy evolution

▶ the addition of discreteness noise creates more chaos,
but does not seem to completely erase the phenomena
arising from dynamics in non-integrable potentials

Enrico Baj – Ritratto di Jackson Pollock


